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Abstract

We describea framevork that canbe usedto modeland
predictthe behaviorof MASswith learningagents. It uses
a differenceequationfor calculatingthe progressionof an
agent’serror in its decisionfunction,therebytelling ushow
theagentis expectedo farein theMAS.Theequationrelies
on parametes which captule the agents’learning abilities
(suth asits changerate learningrateandretentionrate)as
well asrelevantaspect®ofthe MAS(sut astheimpactthat
agentshaveon ead other). We validatetheframevork with
experimentatesultsusingreinforcementearningagentsin
a market systemas well as by other experimentalresults
gatheedfromtheAl literature.

1. Intr oduction

The analysisof multi-agentsystemgMASs) composed
of learningagentsis animportantproblembecausef the
steadyincreasen the numberof openMASs [2] [3] which
allow for the useof learningagents. Up to now, most of
theresearclin this areahasconsistef experimentsvhere
multitudesof learningagentsareplacedin aMAS, thendif-
ferentlearning/gamearametersirevaried,andthe results
aregatheredandanalyzed We have ourseheslearneda lot
aboutthe dynamicsof market-basedVIASs usingthis ap-
proach[7]. In this paperwe will take a first stepforward,
beyondexperimentakesults anddescribeaframenork that
canbeusedo modelandpredictthebehaior of MASswith
learningagents.We give a differenceequationthat canbe
usedo calculateheprogressiomf anagentserrorin its de-
cisionfunction,therebytelling ushow theagentis expected
to farein the MAS. Theequatiorrelieson thevaluesof pa-
rametersvhich capturgheagentslearningabilitiesandthe
relevantaspect®f theMAS. We validatetheframework ex-
perimentallyaswell asby usingotherexperimentakesults
gatheredrom theAl literature.

*This researcthasbeenfundedin part by Digital Libraries Initiative
underCERAIRI-9411287

We startby describingthe type of world we assumehe
agentsnhabitin Section2. Next, wefacethetaskof model-
ing thebehaior of alearningalgorithm;Section3 describes
the parametersve chosefor this task. We believe thatthe
parameters ourmodelwill capturehedynamicsofawide
variety of learningalgorithms. Section4 formally defines
the concepibof error, andgivesthe generalequationfor cal-
culatingan agents error astime progressesWe cansim-
plify this equatiorby makingsomeassumptionaboutcon-
ditionalindependenceasshavnin Sections. Thisequation
includesa termthatmeasuresiow muchthe agents target
functionchangesthevolatility. In Section6, we shav how
volatility can be calculatedin termsof the other agents’
error underthe assumptiorthat an agents target function
changesonly as a consequencef other agentschanging
their decisionfunctions(this beingthetype of MAS we are
interestedn). An exampleplotis givenin Section?.

Section8 shows how our model matchesexperimental
resultsusingreinforcementearningagentsn amarketsys-
tem, while Section9 shavs how we canapply our theory
andpredictexperimentakesultsseerelsavherein theliter-
ature.

2. The World

We definea MAS as consistingof a finite numberof
agentsactionsandworld statesWelet N denotethe setof
agentsn the system, W denotethe setof world statedi.e.
distinctstateof theworld thattheagentsanperceve),and
A;, where|4;| > 2, denoteghesetof actionsagenti € N
cantake. We assumaliscretetime, indexedin the various
functionsby the superscript, wheret is anintegergreater
thanO.

Eachagenti € N hasa decisionfunction, given by
6, W A;. Thisfunction mapseachstate € W to
theaction ; € A; thati will take in thatstate. The action
that agent: shouldtake, assumingknowledgeof all other
agents’decisionfunctionsandi’s payofs, is given by the
targetfunction , W  A;. Theagentslearningtaskis
to changats decisionfunctionsothatit matcheghetarget



function. The targetfunctionis assumedo be “myopic”;
thatis, it doesnottake into accounthe possibility of future
encountersbut insteadsimply finds the action that maxi-
mizestheimmediatepayof giventhe currentsituation.

3. Modeling a Learning Algorithm

The agentsin the MAS are engagedn a discreteac-
tion/learnloop thatworks asfollows: At time ¢ the agents
perceveaworld € W whichis dravn from afixeddis-
tribution . They theneachtake the actiondictatedby
their§, functions,andall of theseactionsareassumedo be
takenin parallel. Lastly, they receve somesort of lesson
or rewardwhichtheirlearningalgorithmuseso changehe
d; soasto (hopefully) bettermatch .. By time¢ | the
agentshave new 6, functionsandarereadyto perceve
the world againandrepeatthe loop. Noticethat,attime ¢
the , takesintoaccounthed of all otheragents € N ;.

Theagents learningalgorithmis responsibldor chang-
ing d, intod, sothatit bettermatches ;. Differentma-
chine learningalgorithmswill achieve this with different
degreesof successWe have founda setof parametershat
canbeusedto modelthe effectsof awide rangeof learning
algorithms.We will alsoassumehateachagentusesonly
onelearningalgorithmduringits lifetime. This meanghat
whenwe talk aboutanagents learningcapabilitieswe are
really talking aboutthe capabilitiesof the agents learning
algorithm.

After agent: takes an action and receves some re-
ward/lessonit will try to changets §; tomatch ,. Wecan
expectthatfor some ’sit wastruethatd, PR
while for someother ’s this was not the case. That s,
someof the ; mappingsgivenby §; might have
beenincorrect.In generalalearningalgorithmmightaffect
boththe correctandincorrectmappingsWe will treatthese
two caseseparately

We startby consideringheincorrectmappingsandde-
fine thechangerate of the agentasthe probabilitythatthe
agentwill changeoneof its incorrectmappings.Formally,
we definethechangerate ; for agenti as

|; i (1)

This tells us how likely the agentis to changeanincor
rect mappinginto somethingelse. This “somethingelse”
might be the correctaction. The probability that the agent
changesnincorrectmappingto the correctactionis called
thelearning rate of theagentwhichis definedas ; where

i 0, 0;

K2 2

: 61' i | d; i (2)

Thevalueof ; musttake into accountthe factthatthe
worlds seenat eachtime steparetaken from . There
aretwo constraintghat mustalways be satisfiedby these

two rates. Sincechangingto the correctmappingimplies

thatachangevasmade thevalueof ; mustbelessthanor

equalto ;,i.e. ; : mustalwaysbetrue. Also, if |4;]

2 then ; i Sincethereareonly two actionsavailable,so

theonethatis notwrongmustberight. Thecomplimentary
value of i gives us the probability that an incorrect
mappingdoesnot getfixed. As anexample, ; means
that,if agent: initially hasall mappingswrong, it will get

half of themright afterthefirstiteration.

We now considerthe agents correctmappingsand de-
finetheretentionrate astheprobabilitythata correctmap-
pingwill staycorrectin thenext iteration. Theretentiorrate
is givenby ; where

i 9; i 16 i 3)

K3

We proposethatthe behaior of awide varietyof learn-
ing algorithmscan be captured(or at leastapproximated)
usingappropriatevaluesfor ;, ; and ;.

Finally, we definevolatility to meanthe probabilitythat
theoraclefunctionwill change Formally, volatility is given
by ; where

i i i (4)

In Section6, we will shav how to calculate ; in terms
of theerrorof the otheragents.

4. Calculating the Agent’'s Err or

We definethe error of agenti’s decisionfunction g, at
timet as:

9; i ()

where,asmentionecdbefore, is afixedprobability
distribution from which the worlds seenaretaken. 4,
givesus the probability that agent: will take anincorrect
action. It assumesctionsareeithercorrector incorrect.

The agents expectederror at time ¢ canbe calcu-
latedby consideringhefour possibilitiesof whether ;
change®r not,andwhethers; wascorrector not (note:
wewill bereferringto thesefunctionsas ; andd; in order

to make the equationshorter).
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wherewe define

9; i 16 i i
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Equation(6) will modelany MAS whoseagentlearning
canbe describedwith the parameterpresentedsection3
andwhoseaction/learnloop is the sameaswe described.
We canuse(6) to calculatethe successie expectederrors
for agenti, givenvaluesfor all the parametersnd proba-
bilities. In the next sectionwe shav how this is donein a
simpleexamplegame.

4.1 The Matching game

In this game we assuméhatwe have two agents and
eachof whom,in everyworld , wantsto playthesameac-
tion astheotherone.Theirsetof actionsis 4; A , where
weassumeA;| 2 (for|4;| 2theequations simpler).
After everytime step theagentdothlearnandchangeheir
decisionfunctionsin accordanc¢o their learningrates,re-
tentionrates,andchangerates.Giventhis information,we
canfind valuesfor someof the probabilitiesin (6) (includ-
ing valuesfor (7) (8) (9) (10)) andrewrite (seeAppendixA
for derivation)it as:
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We can betterunderstandhis equationby pluggingin
somevaluesand simplifying. For example,let's assume
that ; and ; , which implies that

i . Thisis the casewherethe two agentsalways
changeaall thed; andd thatwerewrongsothatthey
matchtheirrespectietargetfunctionsattime¢. Thisresults
in agent; changingall its wrong mappinggo match , and

changingto matchs sothatall the mappingsstaywrong
(¢ endsup doingwhat did beforewhile doeswhat: did
before)andthe error staysthe same. We can seethis by

pluggingthevaluesinto (11). Thefirst threetermswill be-
come0 andthefourthtermwill simplify to the definitionof
error(5). We thenendup with 0; 0; .

We canalsolet ; and ; (keeping ) bearbi-
trary numberswhich givesus 0; i 6; . This
tells usthatthe errorwill drop fasterfor a smallerchange
rate ;. Thereasoristhati'slearning(remember; ;) in
this gameis counterproductive becauset is alwaysmade
invalid by 'slearningrateof . Thatis, since ischanging
all its mappingso matchi’s actions,i’s beststratgy is to
keepits actionsthesame(i.e. ; ).

5. Further Simplification

We canfurthersimplify (6) if wearewilling to maketwo
assumptions.The first assumptioris thatthe new actions
choserwheneitherd; changeganddoesnot matchthe
target), or when changesare both taken from flat
probability distributionsover 4;. By makingthis assump-

tionwe canfind valuesfor , , and ,namely:
|[Ai| 2 | A
R VD) (12)
| 4] |Ail 2
whichmakes
|4 2 5 24 (13)

| 4]

The secondassumptionve male is that the probabil-
ity of changing,for a particular , is condition-
ally independenif the probability that 6, was cor-
rect. In Section4.1 we sav that in the matchinggame

the probabilitiesof andd; changingwerecorre-
latedsince,if 6;  waswrongthend wasalsowrong,
whichmeant would probablychangey , whichwould

change ;

The matchinggameis a degeneratexamplein exhibit-
ing suchtight coupling betweenthe agents’oracle func-
tions. In general,we canexpectthattherewill be a num-
ber of MASs wherethe probability that any two agentsi
and are correctis uncorrelatedor loosely correlated).
For example,in a market systemall sellerstry to bid what
the buyerwants,sothe factthat onesellerbids the correct
amountsaysnothingaboutanothersellers bid. Their bids
areall uncorrelated.

This secondassumptiorwe are trying to make canbe
formally representedly having (14) betruefor all pairsof
agentg and in thesystem.

(14)



After makingthesetwo assumptionsve canrewrite (6)
as:
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Someof the probabilitiesin this equationarejust the def-
inition of ;, the otherssimplify to the agents error. This
meanghatwe cansimplify (15)to:
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(16)

Eq.(16)is adifferenceequatiorthatcanbeusedo deter
minethe expectederror of the agentat any time by simply
using ¢, asthe ¢, for thenext iteration. While
it might look complicatedjt is just the functionfor a line

where ¢; and d; . Usingthis
obsenation, andthe factthat 6,  will alwaysbe be-
tween and , wedeterminghefinal corvergencepointfor
theerrorto bethepointwhere(16)intersectsheline
Theonly exceptionis if theslopeequals , in which case
wewill seetheerroroscillatingbetweertwo points.

By looking at (16) we canalsodeterminethatthereare
two “forces” actingon the agents error: volatility andthe
agents learningabilities. The volatility tendsto increase
theagentserrorpastits currentvaluewhile thelearningre-
ducesit. We canbetterappreciatehis effect by separating
the ; termsin (16)andplottingthe ; terms(volatility) and
therestof theterms(learning)astwo separatdéines. By def-
inition, thesewill addupto theline givenby (16). We have
plottedthesethreelines andtraceda sampleerrorprogres-
sionin Figurel. Theerrorstartsat .95 andthendecreases
to eventuallycorvergeto .44. We noticethelearningcurve
alwaystriesto reducetheagents error, asconfirmedby the
fact that its line always falls belon Meanwhile,
thevolatility addsan extra error. This extra erroris bigger
whenthe agents erroris small since,then,ary changein
thetargetfunctionis likely to increaseheagents error.

6. Volatility and Impact

Eq. (16)is usefulfor determininghe agents errorwhen
we know the volatility of the system.However, it is likely
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Figure 1. Error progression for agent i, as-
suming a fixed volatility ; 2, ; y ,
i |A4i]l 2 .The error converges to .44.

thatthis valueis notavailableto us(if we knew it we would
alreadyknow a lot aboutthe dynamicsof the system). In
this sectionwe determinethe value of ; in termsof the
otheragents’changesn their decisionfunctions.Thatis, in
termsof ¢ 6 ,for all otheragents .

In orderto dothis, we first needto definetheimpact ;
thatagent 's changesn its decisionfunctionhave onj.

i i i 6 4
(17)

We cannow startby determiningthat, for two agentsi
and , i is definedas:

NE R 56
86 58

(18)

Thefirst thingto noticeis thatvolatility is nolongercon-
stant,it varieswith time (asindicatedby the superscript).
Thefirst conditionalprobabilityin (18)is just ;, thesec-
ondonewewill setto sincewe arespecificallyinterested
in MASs wherethe volatility arisesonly asa side-efect of
the otheragents’learning. Thatis, we assumeahat agent
i’s targetfunctionchange®nly when s decisionfunction
changesWe ignoreary otheroutsideinfluenceghatmight
malke theagentstargetfunctionchange.

We canthensimplify thisequatiorandgeneralizet to NV
agentspyndertheassumptiorthatthe otheragents’changes
in their decisionfunctionswill not canceleachotherout,
makingd; staythe sameasa consequenceThis approxi-



mationmakesthe equationsimpler , thenbecomes

(19)

We now need to determinethe expected value of

) é for ary agent. Using s insteadof
we have
61 61
61 i 51’ z|5z i (20)
61 i 61 zl(sz [
wherethe expectedvalueis:
(21)

We canthenplug (21) into (19) in orderto getthe ex-
pectedvolatility

(22)

We canusethis expectedvalueof ; in (16)in orderto
find out how the otheragents’learningwill affect agent.
In MASs thathave identicallearningagentg(i.e. their ,

,and ratesareall the sameandthey startwith the same
initial error) we canreplacethe multiplier in (22) with an
exponentof |N| . We usethis simplification later in
AppendixB.

7. An Example with Two Agents

In a MAS with justtwo agentsi and , we canuse(22)
to rewrite (16) as

5, P8 5
|A;| 4
|44
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(23)
Let's saythat ; 2, ) )

i
|[A| |4 2 andwelettheimpacts ; and ; vary
betweerzeroandone. Figure2 shavs thefinal error (after
convergence)or this situation. It shovs anareawherethe
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Figure 2. Plot of Final Error for agent ¢, given
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erroris expectedto bebelonv , correspondingo low val-
uesfor either ; , ; or both. This arearepresentdASs
thatarelooselycoupledj.e. oneagentschangan behaior
doesnotsignificantlyaffecttheotherone.In thesesystems
we canexpectthatthe errorwill eventually* reacha value
closeto zero. We seethatastheimpactincreaseshefinal
erroralsoincreaseswith afairly abrupttransitionbetweera
final errorof 0 andbiggerfinal errors. Thisabrupttransition
is characteristiof thesetype of systemswvherethereis are
tendenciego eithercornverge or diverge, andboth of them
areself-enforcingbehaiors. Notice alsothatthe graphis
not symmetric— ; hasmoreweightin determiningi’s fi-
nal errorthan ;. This resultseemscounterintuitve, until
we realizethatit is 'serrorthatmakesit hardfor i to con-
vergeto asmallerror If ; is highthen,if ¢ hasalarge
error, then ’serrorwill increasewhichwill make change
its decisionfunctionoftenandmalke it hardfor i to reduce
its error. If ; islow then,evenif ; is high, will prob-
ably settledown to a low errorandasit does: will alsobe
ableto settledown to alow error.

Anotherview of the systemis given by Figure 3 which
shavs a vectorplot of the agents’errors. Highererrorsare
quickly reducedbut the paceof learningdecreasesasthe
errorsget closerto the convergencepoint. Notice thatan
agents errorneednotchangan a monotonicfashion.

8. A Simple Application

In orderto demonstratdow our theory might be used,
wetestedt onasimplemarket-basedVAS. Thegamecon-

INotice thatwe arenot representindiow long it takesfor the errorto
corverge. This caneasilybe doneandis just onemoreof the parameters
ourtheoryallows usto explore.



Figure 3. Vector plot for
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sistsof threeagentspnebuyerandtwo selleragents; and

. Thebuyerwill alwaysbuy atthecheapesprice—butthe
sellersdo notknow thisfact. The sellerscanbid ary oneof
20 pricesin aneffort to maximizetheir profits. Thereis one
goodbeingsold (|W| ).

As predictedby economictheory the pricein this sys-
temsettlesto the sellers’maiginal cost,but it takestime to
gettheredueto thelearninginefficiencies. The sellersare
reinforcementearningagents[7]. We experimentedwith
different  rateg for the reinforcementearningof agent

, While keeping ; fixedandplottedthe runningav-
erageof theerrorof agenti. A comparisons shavnin Fig-
ure 4. Figure4(a) givesthe experimentalresultsfor three
differentvaluesof . It showsi’'s averageerror, over 100
runs, as a function of time. Sinceboth sellersstart with
no knowledge,their initial actionsare completelyrandom
which makestheir errorequalto . Then,dependingon

, ’'serrorwill eitherstartto go down from thereor will
first goup someandthendown.

We tried to predictthis behaior using (23). Basedon
thegamedescriptionwe set|4;| |4 | 2 ,sincethere
were2 possibleactions. We let ; because,
in reinforcementearningwith fixed payofs, onceanagent
is takingthe correctactionit will never changets decision
functionto take a differentaction. The agentmight, how-
ever, still take awrongactionbut only whenits exploration
ratedictatest.

We thenlet ; i basedon the roughcal-
culationthateachagenthasanequalprobability of bidding
ary oneof the20prices.If 7 is bidding20then,if changes
its bid price, will have to changets pricewith probability

2 istherelatve weightthealgorithmgivesto the mostrecentreward.

meanghatit will forgetall previous experienceanduseonly the
latestrewardto determinewhatactionto take.

2 (i.e. it will changeit unless justchangedo 2 ).
If 4 is bidding 19 thenthis probabilityis 2 , andsoon
Theaverageof all of theseis . A moreprecisecal-
culationof theimpactwould requireusto actuallyrunthe
systemandfind it via experimentation.

Finally, we chose ; i
first curve (i.e. the onethat compareswith ). We
knew thatfor suchalow  thelearningandchangerate
shouldbethesame.Theactualvaluewaschoservia exper
imentation.Theresultingcurveis shovn in Figure4(b). At
this moment,we do not possess formal way of deriving
learningandchangeatesfrom -rates.

For the secondcurve ( ), since only had
changedrom thefirst experimentwe knew we shouldonly
change and . In fact,thesetwo valuesshouldonly be
increased. We found their exact values,againby experi-
mentationto be , . For thethird curve we
foundthevaluesto be , .

One differencewe noticedis that the experimentalre-
sultsshav alongerdelaybeforetheerrorstartsto decrease.
We attribute this delayto the agents initially high explo-
rationrate. Thatis, the agentsinitially startby taking all
randomactionsbut progressiely reducethis rateof explo-
ration. As the explorationrate decreaseghe discrepang
betweenour theoreticalpredictionsand experimentalre-
sultsis minimized.

In summarywhile it's true thatwe found and by
experimentationall the othervalueswere calculatedrom
the descriptionof the problem. Eventhe relative valuesof

and follow theintuitiverelationwith  that,as in-
creasessodoes and(evenmore) . We believethatthis
experimentprovidessolid evidencethat our theorycanbe
usedto approximatelydeterminehe quantitatve behaiors
of MASswith learningagents.

for the

9. Application to Resultsfrom the Literatur e

We have alsousedour theoryto reproducesxperimen-
tal resultsfrom the literature. For example, Figure 5(a)
shaws experimentalresultsfrom Shohamand Tennenholtz
[6]. They showv how the percentagef agentsreachinga
corventiondecreaseasthe delay betweenapplicationsof
thelearningalgorithmincreasesWe wereableto translate
from theirunitsof measuremerihto ours(seeAppendixB)
andproducetheoreticapredictionsthatwere,at worst, 5%
off from their experimentalresults,asseenin Figure5(b).
This level of error canbe justified by someof the approx-
imationswe had to make in the translation. Notice that
therangefor ; is dictatedby the experimentersthoiceof
testingupdatedelaysbetween0 and 200. Learningrates
P> have no experimentalcounterparsincethey im-
ply adelaylessthanO.

We have also reproducedsome of the results in
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Figure 5. Comparing theory (b) with results from Shoham and Tennenholtz (a) [6].

Claus and Boutelier [1], and believe that we can do
the samefor some of the experimentsin Senet. al.
[5], and Ishida [4] (seehttp://ai.eecs.um ch.
edu/ peopl e/ j nvi dal / papers/i cnas98l . ps for
detailson how thesereproductionsvereachieved).

10. Summary

We have presentec framework for studyingthe behar-
ior of MASs composeaf learningagents.We believe that
thisframeawork captureghemostimportantparameterghat
describethe agents’learningandthe systems rulesof en-
counter Varioussimple applicationsof the theory were
given, alongwith a comparisorwith experimentalresults
using reinforcementearningagents. The theoreticalpre-
dictionswereshown to closelymatchthe experimentalre-
sults.We alsoreproducedxperimentalesultspublishedy

others.Theseresultsallow usto moreconfidentlystatethe
effectivenessaandaccurag of our theoryto a wide variety
of machindearningalgorithmsin differentMASs.

Finally, it is unlikely thatevery singlelearningalgorithm
canbeformally mappednto our framewvork. However, this
shouldnotdeteronefrom usingourtheorysincewe believe
thatnon-intuitiveinsightscanbegainedevenif theparame-
tervaluesareonly approximation®r educatedjuesseswe
arecurrentlyexploring the possibility of formally mapping
specificlearningtechniquesnto our framework, andtrying
to determinethe sensitvity of our predictionsto slight er-
rorsin thevaluesof theparameters.
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A. Derivation for matching game

If we canassumehatthe actionchosenvhenanagent
changesj, andthe resultdoesnot match (for
somespecific ) istakenfrom aflat probabilitydistribution,
thenwe cansaythat:

|4i| 2
(24)
| Al
|4
A 2 2
First, sincehaving |4;| 2 impliesthat ; i, this

meanghatfor this casewe have i

For the casewhere|4;| 2, whichis the casewe are
interestedn, we canplugin thevaluesfor and and
simplify  to be:

|4;| 2

(26)

B. Shohamand Tennenholtz

In [6], the authorsintroduce a learning algorithm
(strategyy-selectionrule) called highestcumulativereward
(HCR) which their agentsuse for learning corventions.
We reproducedxperimentalresultsfrom their Section4.1
where they study the “coordination game” which is the
sameasour matchinggamebut with only two actions.

The experimentin questioninvolves 100 agents,all of
themidenticaland all of themusing HCR. At eachtime

instantthe agentstake one of two available actions. The
aim s for every pair of chosernagentgo take the sameac-
tion aseachother The authorsdo not statehow the agents
arepairedup sowe will assumehatthey areall randomly
matched. The agentsupdatetheir behaiors (i.e. apply
HCR) afteragivendelay Theauthorsry a seriesof delays
(from 0 to 200) andshow thatincreasingthe updatedelay
decreasethe percentagef trials where,after 1600itera-
tions, atleast95% of the agentgeachedh corvention. The
authorsshav surpriseat finding this phenomenon.Their
resultsarereproducedn Figure5(a)(cf. Figurelin [6]).

The numberof actionsis |4;| 2, which impliesthat
i i- By examiningHCR, we determinethat ;

(i.e if anagenttook the right action, it will only get more
supportfor it). Sincethereare100agentsandonly pairsof
theminteractat everytime instant,we have ;

In Figure 5(a), we seetheir x-axisis calledthe update
delay We will refertoit as . is the numberof time
units that passbeforethe agentis allowed to learn. This
meanghatwe mustset ; ——— where . We solve
for andget i . Thevalueof dependon
theirlearningalgorithm’s performancebut we know thatit
mustbe a small number( ) greaterthan0. Through
someexperimentatiorwe settledon (othervalues
closeto this onegive similar results). Sincein their graph
they look at 2 , we mustthenlook at ; where

The y-axis of Figure5(a) is the succesgwe call it ),
i.e. numberof trials, out of 4000, whereat least95% of
the agentsreacheda convention. We know thatin
percentagef thetrials at least95%of theagenthave error
near0 (i.e. reachingacorventionmeanghattheagentdake
theright actionalmostall thetime). We canapproximately
mapthisto anerrorby sayingthatin of thetrialsthe
errorwasO (aslightunderestimateyhile in of
the trials the error was 1 (a slight overestimate).We add
thesetwo andarrive atanequatiorthatmaps to 4, .

s 27)

The mappingfrom to is given by their actualdata,
which canbefitted usingthe function:

(28)

Puttingthevalueof into (28), andtheresultinto (27),
we finally arrive at a functionthat mapstheir experimental
resultsinto our units(for therange—  ;  -).

d;
(29)

This equationis usedto plot the experimentcurve in Fig-
ure5(b). For thetheorycurve, we used(16) and(22), iter-
ated1600timesandplottedthe erroratthattime.



C. Application of our Theory to Experiments
in the Literatur e

In this Sectionwe shov how we canapply our theory
to experimentakesultsfoundin the Al andMAS literature.
While wewill oftennotbeableto completelyreproducedhe
authors’resultsexactly, we believe thatbeingableto repro-
ducethe flavor andthe main quantitatve characteristicef
experimentalresultsin the literatureshows that our theory
canbewidely appliedandusedby practitionersn thisarea
of research.

C.1 Clausand Boutilier

In [1] ClausandBoutilier studythe dynamicsof a sys-
temthatcontainstwo reinforcementearningagents.Their
first experimentput thetwo agentdn a matchinggameex-
actly like the onewe describein Section4.1 with |A;]
|[A| 2. Their resultsshaved the probability that both
agentsmatched(i.e. 1- §; ) astime progressed.Since
they were usingtwo reinforcementearningagentsjt was
not surprisingthatthe curve they sav, seenin Figure6(a),
wasnearlyidenticalto the curve we sav in our experiments
with thetwo buying agentgFigure4(a)with i ,
exceptupside-davn).

We can reproducetheir curve using our equationfor
the matchinggame(11). The resultscanbe seenin Fig-
ure 6(b). Our theory againfails to accountfor the initial
explorationrate. We can,however, confirmthatby time 15
their Boltzmanntemperaturdthe authorsusedBoltzmann
exploration) had beenreducedfrom aninitial value of 16
to 2 andwould keepdecreasingy a factorof .9 each
time step. This meansthat by time 15 the agentswere,
indeed,startingto do someexploitation (i.e. reducetheir
error)while doinglittle exploration.

C.2 Others

Therearesereral otherexamplesin the literaturewhere
we believe our theory canbe successfullyapplied. In [4]
chapte3.7,Ishidagivesresultsof anexperimentwheretwo
agentdry to find eachotherin a100by 100grid. He shavs
thatif the grid hasfew obstaclest is fasterif bothagents
move towardseachother, while if therearemary obstacles
it is fastenif oneof theagentsstaysstill while the otherone
searchegor it. We believe thatthe numberof obstacless
proportionalto the changerate that the agentsexperience
and, perhapsto the impactthat they have on eachothet
Whenthereareno obstacleghe agentsnever changetheir
decisionfunction (becauseheir initial Manhattanheuris-
ticsleadthemin the correctpath). As the numberof obsta-
clesincreaseshe agentswill startto changetheir decision
functionsasthey move which will have animpacton the

others oraclefunction. If, however, oneof themstaysput
this meanghathis changerateis 0 sothe otheragents or-
aclefunctionwill staystill andhewill be ableto reachhis
target(i.e. error0) quicker.

Notice that the problemof a moving target that Ishida
studiesis different from the problemof a moving target
functionwhich we study It is, however, interestingto note
their similaritiesandhow ourtheorycanbeappliedto some
aspect®f thatdomain.

Anotherpossibleexampleis givenby Senet. al. in [5].
They shov two Q-learningagentstrying to cooperateand
move a block. The authorsshaw how different rates(
in their paper)affectthe quality of theresultthattheagents
convergeto. This quality roughly refersto our error, ex-
ceptfor thefactthattheirmeasuremenisplicitly consider
someactionsto be betterthanotherswhile we consideran
actionto be eitherwrongor right. This discrepang would
malke it harderto apply our theoryto their resultsbut we
still believe thataroughapproximatioris possible.
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